We consider a wrapped supermembrane around non-trivial two cycles of a 2-torus. We examine the double dimensional reduction and the T-dual transformation to deduce Green-Schwarz type IIB superstring action for (p, q)-strings directly from the wrapped supermembrane on the 2-torus. The resulting action has the couplings with both the NSNS-and the RR-background fields and has the tension of the
Introduction
The supermembrane in eleven dimensions [1] is expected to play an important role to understand the fundamental degrees of freedom in M-theory. In fact, it was shown that the wrapped supermembrane in a S 1 -compactified eleven dimensions is related to the type IIA superstring in ten dimensions by means of the double dimensional reduction [2] . Meanwhile type IIB superstring is related to type IIA superstring via T-duality, or the type IIA superstring on R 9 × S 1 leads to the type IIB superstring on R 10 in the shrinking limit of the S 1 . Accordingly, the supermembrane wrapped on a vanishing 2-torus is reduced to the type IIB superstring in ten dimensions.
The transformation rule for the NSNS fields under T-duality in type II superstring theory is given in the sigma-model with (at least) one isometry direction, which is the wellknown Buscher's rule [3] . The generalized Buscher's rule, which is the transformation rule under T-duality not only for the NSNS fields but also for the RR fields in type II superstring, was derived at the level of the low energy effective action of type II string theory [4, 5] . In addition, the generalized Buscher's rule was also derived for the type II Green-Schwarz superstring action [6] which is obtained by means of the double dimensional reduction of the wrapped supermembrane up to quadratic order in the anticommuting superspace coordinates [7] .
It is well-known that at low-energy level the type IIB superstring theory has a duality group of SL(2, R) which is broken down to SL(2, Z) by the quantum effect. Schwarz showed an SL(2, Z) family of string solutions in type IIB supergravity [8] , which couples to both the NSNS and the RR background fields. The (p, q)-string [8, 9] is considered to be the bound state of fundamental strings (F-strings) and D1-branes (D-strings) in type IIB superstring theory. Then, SL(2, Z)-covariant string actions were proposed [10, 11] . Meanwhile, the supermembrane which is wrapping p-times around one of the two compact directions and q-times around the other direction gives a (p, q)-string, however the direct derivation of the action was not given. Recently the bosonic sector of the type IIB Green-Schwarz superstring action for (p, q)-string was derived directly from the wrapped supermembrane action on a 2-torus [12] .
In this paper we shall proceed to the analysis with the anti-commuting superspace coordinates being recovered. We use the normal coordinates in the superfield formulation [13, 14] of the supermembrane in a supergravity background. We consider a supermembrane wrapped around non-trivial two cycles on a 2-torus. In fact, the action is expanded with respect to the anti-commuting coordinates θ up to quadratic order [7] . We shall take the shrinking volume limit of the 2-torus to approach type IIB superstring theory along the line of Ref. [6] . Then, we deduce (p, q)-strings in type IIB superstring theory from the wrapped supermembrane in the limit. We shall see that the string carries p-times the unit NSNS 2-form charge and q-times the unit RR 2-form charge as well, which indicates that the deduced string is, in fact, a (p, q)-string in type IIB superstring theory.
The plan of this paper is as follows. In the next section, we set up the supermembrane compactified on T 2 up to quadratic order in θ. In section 3 we shall carefully rewrite the eleven-dimensional supergravity background fields compactified on a 2-torus and consider the double dimensional reduction along an oblique direction of the 2-torus. In section 4, we consider the T-dual of the derived superstring action along the other compact direction of the 2-torus to deduce the action of (p, q)-strings. The final section contains some discussion.
Supermembrane in 11-dimensional superspace
The action of a supermembrane coupled to an eleven-dimensional supergravity background is given by [ where T is the tension of supermembrane, 1ĈMNP (Z) is the super three-form,
2)
γˆiĵ (î,ĵ = 0, 1, 2) is the worldvolume metric,γ = detγˆiĵ, the target space is a supermanifold with the superspace coordinates ZM = (X M , θ α ) (M = 0, · · · , 10, α = 1, · · · , 32). Furthermore, with the tangent superspace indexÂ = (A, a),ÊÂ M is the supervielbein and η AB is the tangent space metric in eleven dimensions. The mass dimensions of the worldvolume parameters σˆi and the eleven-dimensional background fields (G M N ,Ĉ M N P ) are 0, while that of the worldvolume metricγˆiĵ is −2. Note that the variation w.r.t.γˆiĵ yields the induced metricγˆiĵ =Π
and plugging it back into the original action leads to the Nambu-Goto form
(2.4) In fact, it is convenient to work in the Nambu-Goto action when we carry out the double dimensional reduction in the next section. Note that the action (2.4) has a fermionic gauge symmetry, or the κ-symmetry 6) γˆiĵ is the induced metric (2.3) and the parameter κ is a 32-component spacetime Majorana spinor and a worldvolume scalar. In fact, the κ-symmetry exists provided that the background supergeometry is constrained [1] , which is equivalent to the on-shell D=11 supergravity background [15] The supervielbein and the super three-form are explicitly given to O(θ 2 ) in the fermionic coordinates [7] . Setting the fermionic background fields to zero, we have
9) N η AB , A M N P is the bosonic three-form and its field strengthF M N P Q = 4∂ [MÂN P Q] , Γ A is the gamma matrix in eleven dimensions,
is the torsion free spin connection
It is helpful to define the objects with the tangent space indices as followŝ
In fact, it is easy to work with the tangent space indices rather than with the target space indices when we calculate the component field expansion to quadratic order in θ. Consequently, the supermembrane action in θ 2 -order is given by
where
14)
andG 1010 ,G 99 andG 910 stand for the asymptotic constant values of the metric. 7 Eq.(3.3) can be written by
with
The other fields satisfy the periodic boundary conditions,
, etc.. The above expressions represent that the supermembrane is wrapping w 1 p-times around one of the two compact directions (the X 10 -direction) and w 1 q-times around the other direction (the X 9 -direction), or w 1 -times around (p, q)-cycle along the σ 2 -direction on the worldsheet. And it is also wrapping w 2 -times around (r, s)-cycle along the σ 1 -direction. These two cycles are orthogonal to each other and intersect at least once. Thus, this wrapped supermembrane is expected to give the (p, q)-string [8, 12] . In fact, we shall see below that the (p, q)-string comes out through the double dimensional reduction. Now that we shall adopt the double dimensional reduction technique [2] to deduce (p, q)-strings. First we determine the spacetime direction to be aligned with one of the worldvolume coordinate, or we fix the gauge. We define X y and X z by an SO(2) rotation of the target space,
By using the relations between the eleven-dimensional supergravity fields and the S 1 -compactified type IIB ones [4, 5] , we have 10) where ϕ is the type IIB dilaton background and ϕ 0 is its asymptotic constant value. Thus, eq.(3.10) leads to
Then we have
The target space metric and the background 3-form field are transformed under the SO(2) rotation in eq.
In addition, we shall define the objects in the rotated coordinate system as followŝ
Let us choose the Kaluza-Klein condition for the target space metric and the bosonic vielbein in the rotated coordinate system. A suitable choice is (μ,ν = 0, 1, · · · , 8, y and 16) whereẽr µ andgμν are the vielbein (zehnbein) and the target space metric in ten dimensions, respectively,Ãμ is a Kaluza-Klein vector field andφ is a scalar field which is reduced to the type IIA dilaton in the case of (p, q) = (1, 0) in eq.(3.9). Eq. (3.16) implies that the spinor θ should be rescaled by e −φ/6 in ten dimensions, which is understood as follows. The gamma matrices in eleven dimensions are split into the ten-dimensional gamma matrices and the rest, {Γ A } = {Γr, Γ 10 }. Let us consider the supersymmetry transformation, δX
rǭ Γrθ, δθ = ǫ. Once we impose that the form of the transformation in eleven dimensions is preserved in ten dimensions, we should rescale the Majorana spinors θ → e −φ/6 θ and ǫ → e −φ/6 ǫ . In addition, we also define the following objects in ten dimensions 17) and these are related to {ΩM } = {Ωμ,Ω z } in eq.(3.14) aŝ Ωμ =ẽμ
The supervielbein analog of the Kaluza-Klein condition (3.16) is given by (m = (μ, α))
which impliesẽr
Now we shall make a (partial) gauge choice of (cf. Ref. [2] ) 21) or the X z -direction is aligned with one of the space direction σ 2 of the worldvolume. Then the dimensional reduction is achieved by imposing the following conditions on the target superspace coordinates and the background fields,
Thus the induced metric on the worldvolume is given by [2] (i, j = 0, 1)
and (up to quadratic order in θ with the fermionic background fields being zero)
We have
Thus, by the double dimensional reduction of eqs.(3.21)-(3.23), the supermembrane action (2.4) is reduced to
This reduced action (3.28) naturally inherits κ-symmetry [2] . In fact, eq.(2.5) leads to the transformation law which leaves the action (3.28) of order up to quadratic in θ invariant
where Φ bg stands for a general field of supergravity background and
Similarly, the SUSY transformation, which leaves the action (3.28) invariant, is given by
By introducing the worldsheet metricγ ij , eq.(3.28) can be rewritten in the Polyakov form as usual
are the super metric and the super 2-form, respectively, and
As was pointed out in [2] , this action (3.36) has conformal invariance. When we consider the T-dual transformation between type IIA/IIB superstring theories, it is, in fact, convenient to work with the action of the Polyakov type. Eq.(3.36) can be written by
We shall give Qrŝ and Prŝ in eq.(3.32) more explicitly with the background fields. As we noted, it is easy to work out with the tangent space indices rather than with the target space indices. Hence we shall calculate the decomposition of the 4-form field strengtĥ F ABCD and the spin connectionω whereωŝt r =ẽμ rωŝt µ ,ωrŝ µ is the torsion free spin connection, which is made ofẽr µ , and
is the field strength of the Kaluza-Klein vector field in eq.(3.16). Then, {Ω A } = {Ωr,Ω 10 } in eq.(2.12) is calculated explicitly by using (3.42), (3.45) and (3.46), and hence we have (cf. Appendix B)
where I, J = +, −, s
and θ ± are the 16-component positive and negative chiral spinors, respectively
Then, eq.(3.28) can also be written by (see section D)
50) whereg = detg ij and
52)
In this section we derive the (p, q)-string action from the reduced supermembrane action in eq.(3.36). The action has an abelian isometry associated with the other compactified X y -direction, and we can make a dual transformation as is the case with sigma models. Introducing a variable X 9 , which will be seen to be dual to X y , eq.(3.36) (or (3.39)) can be rewritten in a classically equivalent form
since the variation w.r.t. X 9 leads to ǫ ij ∂ i Ξ j = 0 or Ξ j = ∂ j X y and hence eq.(3.36) can be reproduced.
11 On the other hand, assuming that all the fields are independent of Ξ j (or X y ), the variation w.r.t. Ξ i leads to
Plugging eq.(4.2) into eq.(4.1) we have
where we have defined Xμ = (X µ , X 9 ) = (X µ , X 9 ) and the ten-dimensional dual fields
The θ 0 -order part of eq.(4.4) is given by
Note that in the case of (p, q) = (1, 0) in eq.(3.9), eq.(4.6) is reduced to the ordinary Buscher's T-dual rule for the NSNS sector [3] . However, since we have rotated the target space coordinates in eq.(3.8) by the SO(2) matrix in eq.(3.9), the T-dual transformation rule (4.6) of order zero in θ includes not only the NSNS fields but also the RR fields, or the RR 2-form, which will been seen below. Now that we consider T-dual for the background fields in eq.(3.36) (or eq.(4.3)). Since we regard X 10 (not X z ) as the 11th direction, we should take T-dual along the X 9 -direction (not X y -direction) to transform type IIA superstring theory to type IIB superstring theory. Then we can rewrite the background fields in terms of those of the type IIB supergravity as follows (cf. Appendix C),
µν and B (2) µν are the NSNS and the RR second-rank antisymmetric tensors, respectively, μν is the metric in type IIB supergravity, l = G 910 /G 1010 = A 9 and
Then, plugging these equations into eq.(4.6), the θ 0 -order part of the action in eq.(4.3) is reduced to [12] 
(4.11) We regard X 10 as the 11th direction, therefore the type IIA string tension T s is given by 2πL 1 T / G 1010 [8] since the eleven-dimensional metric G M N is converted to the type IIA metric gμν by the relation Gμν = gμν/ √ G 1010 . Furthermore, putting the background fields {l, ϕ} to be the asymptotic constant values {l 0 , ϕ 0 }, respectively and hence 
where T pq is the tension of a (p, q)-string in type IIB superstring theory [8] . We can see that both the NSNS and the RR antisymmetric tensors have coupled to Xμ in eq.(4.11), which implies that the reduced action (4.11) is, in fact, that of (p, q)-strings. Note that w 1 is just the number of copies of the resulting (p, q)-string. If we allow q to be zero and take (p, q, r, s) = (1, 0, 0, 1), we have the fundamental strings in type IIB superstring theory.
On the other hand, (p, q, r, s) = (0, 1, 1, 0) leads to the strings which couple minimally with the RR B-field, i.e., the D-strings.
θ 2 -order action
We next proceed to consider the θ 2 -order terms in eq.(4.5),
We shall plug eq.(3.47) into eq.(4.13) and rewrite them by using the type IIB superstring variables. Note thatQ µν ,P µν , etc. include the vielbeinẽr µ , which is transformed under T-dual according to eq.(4.8), and hence we need the T-dual transformation rule ofẽr µ . In fact, eq.(4.8) can be written by
Thus we can take the transformation rules for the vielbeins as follows [17] ,
We shall rewrite the 4-form and 3-form field strengths in eq.(3.42) and the 2-form field strength in (3.46). Since we have 19) and similarly, the 2-form field strength ofÃμ in eq.(3.46) is given bỹ
where where the index9 stands for the ninth-direction of the tangent space. In the above we have used the relations below,
(4.24) 13 We have assumed that the backgrounds are independent of both X y and X 9 in (4.1)
Note that in the case of (p, q) = (1, 0), b Similarly to the rescaling in the course of the double dimensional reduction in the previous section, the spinors θ ± are rescaled by ∆
1/4
(pq) to maintain the canonical form of the supersymmetry transformation under T-dual. In fact, we shall define the spinors θ 1,2 in type IIB superstring theory as
and henceθ
Note that θ 1,2 satisfy
One comment is in order: The Ω χ (4.29) can be written by 
ϕ(n) is a "coupling parameter" given by
and ωŝt r is the spin connection in type IIB theory in ten dimensions. Note that ϕ(n) and hrŝt are reduced to the type IIB dilaton and the field strength of the NSNS 2-form field, respectively, in the case of (p, q) = (1, 0), or the fundamental string. Then, the θ 2 -order part of (4.3) is given by
As is noted in Ref. [6] , the derivative for chiral spinor appears only in the covariant derivative. Note that in the case of (p, q) = (1, 0), or fundamental string, the resulting action (4.41) is reduced to the one in Ref. [6] . In that case we can see that the fundamental string couples with the RR 1-, 3-and 5-form fields with strength e ϕ . In the case of (p, q) = (0, 1), or D-string, the strengths of the coupling with the RR 1-, 3-and 5-form field strengths are given by e −2ϕ , e −ϕ , 1, respectively. Putting (4.11) and (4.41) together, we have explicitly the Green-Schwarz type (p, q)-string action of order up to quadratic in θ in type IIB superstring
Finally in this subsection, we also give the action (4.3) in Nambu-Goto form up to quadratic in θ by integrating out the worldsheet metricγ ij in (4.3), or in (4.43) (cf. Appendix E)
where 
Fermionic symmetry
First, we show that the (p, q)-string action (4.44) has the κ-symmetry which is really inherited from the κ-symmetry in the supermembrane (2.5). In fact, we shall analyse the κ-symmetry of (4.1) along the argument in [18] . Since (4.1) is equivalent to (3.28) when ǫ ij ∂ i Ξ j = 0 and (3.28) is invariant under the κ-transformation (3.33), the variation of (4.1) under the κ-transformation should be proportional to ǫ ij ∂ i Ξ j ,
Thus, X 9 should be transformed as
We shall rewrite eq.(4.53) with the dual variables, or the (p, q)-string fields and the supergravity background fields. Since the spinors are converted as in eq.(4.28), we shall write in the matrix form (4.50). Then, we have 15 (cf. Appendix F)
and we have used the following relations,
58) 15 In rewriting the relations with the dual variables we have used the relation (cf. (4.2))
We also calculate δ κ X µ (= δ κ X µ ) to get
where the following relations have been used,
The κ-transformations of the fermionic coordinates are given by
and hence we arrive at the conclusion that the (p, q)-string action (4.44) is invariant under the κ-transformation, which is really inherited from that of the supermembrane
Next, we consider the SUSY transformation. Similarly, the variation of (4.1) under the SUSY transformation should be proportional to ǫ ij ∂ i Ξ j and it is calculated as (cf. eq.(3.35))
and hence
We also have
Thus, the (p, q)-string action (4.44) is invariant under the following SUSY transformation, which is inherited from the superdiffeomorphism in the supermembrane action,
In this paper we have explicitly derived the (p, q)-string action of the Green-Schwarz type from the supermembrane action up to quadratic order in the anti-commuting supercoordinate in the bosonic curved background. We have also shown that both the κ-symmetry and the supersymmetry in the (p, q)-string action are really inherited from the κ-symmetry and the (super) diffeomorphism in the supermembrane action, respectively. In fact, we have first studied the double dimensional reduction of the wrapped supermembrane compactified on a 2-torus up to quadratic order of the anti-commuting coordinate. 16 Next, we applied the T-dual transformation and explicitly derived the type IIB Green-Schwarz superstring action for the (p, q)-string in eq. (4.44) . 17 This indicates that the supermembrane actually includes a (p, q)-string as an excitation mode or object. The (1,0)-string (F-string) is, of course, a fundamental mode in the weak coupling region g IIB s ≪ 1, while the (0,1)-string (D-string) in the strong coupling region g IIB s ≫ 1 for l = 0. However, the valid region to treat the (p, q)-string perturbatively is still obscure and it is deserved to be investigated further.
18
In this paper we have considered classically to approach the boundary of vanishing cycles of the 2-torus with the wrapped supermembrane. On the other hand, Refs. [23, 24] studied quantum mechanical justification of the double dimensional reduction in Ref. [2] . In those references, the Kaluza-Klein modes associated with the σ 2 -coordinate were not removed classically, but they were integrated in the path integral formulation of the wrapped supermembrane theory. Similar quantum mechanical investigation of the double dimensional reduction adopted in this paper deserves to be investigated. 16 The procedure of the double dimensional reduction here was realized on the bosonic sector of the matrix-regularized wrapped supermembrane on R 9 ×T 2 [19] relying on the technique given in [20, 21, 22] . 17 In the case of (p, q) = (1, 0) , or the fundamental string, the resulting action is reduced to the one in [6] . 18 Of course, a BPS saturated classical solution of the (p, q)-string action (4.44) is valid irrespective of the value of the string coupling g (Anti-)symmetrization r.w.t. indices:
B Bispinor formula
The charge conjugate matrix C satisfies
where θ and ψ are 32-component Majorana spinor in eleven dimensions and
Note that for n = 0, 3, 4, 7, 8 and n = 1, 2, 5, 6, 9, 10, the bispinor products eq.(B.3) are symmetric and antisymmetric, respectively and
where the spinor indices are lowered and raised by C
In particular we have 
and from eqs.(B.3) and (B.11) we havē
We also write down some useful formulas for the Γ matrices and the third-rank and forth-rank antisymmetric tensorsÂ M N P ,F M N P Q are decomposed as
Those fields are related to those in type IIB theory as
9µ B
(1) 9ν
(1) 9µ
9[µ B (2) νρ] +
2B
(1)
9µ + lB
9µ , (C.11) A 9 = l , (C.12)
C.1 Metric in the rotated coordinate
On the other hand, the 9-10 rotated metric is given by (M ,Ñ = 0, 1, · · · , 8, y, z) 18) and henceg
where, as they are given in (4.9) and (4.10),
Similarly, we haveg
First, the θ 0 -order part of (3.28) is given by
Next, we shall calculate the θ 2 -order part of (3.28). Due tō
we have
Then, the θ 2 -order part of (3.28) is calculated as follows,
E IIB action (4.44)
Then, the θ 2 -order part of the action (4.41) is calculated in the matrix form (cf. (4.50)) as follows, Due to (F.8) λ i is rewritten by Up to the equations of motion of the auxiliary variables, we also havẽ In addition, we have
Since we have
we obtain
where use has been made of (F.19) and
(P 2 ± = P ± , P ± P ∓ = 0) (F.27)
That is, eqs.(F.21) and (F.25) lead to eq.(4.55).
